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1 Abstract:
In 1966, Galli proposed a question: whether every connected graph has a vertex
that is common to all it longest paths. The answer to that is negative. Another
related question was raised in 1995 at British Combinatorial Conference: Do
any three longest paths in a connected graph have a vertex in common? In this
paper it is shown that the answer to that question is yes.
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2 Introduction:
In 1966, during a coloquium on graph theory, Galli[1] asked whether every
longest path in a connected graph have a vertex in common. A few years later,
Walther[2] answered this question negatively by exhibiting a counter example
on 25 vertices. Another question was asked in 1995, whether every three longest
path in a connected graph has a vertex in common[3]. The only known progress
in this problem were obtained by Axenovich[4], who proved the problem for
outerplanar graphs, and by Rezende, Fernansex, Martin, Wakabayashi[5], who
proved that in a connected graph in which all non-trivial blocks are Hamilto-
nian, then any three paths have a common vertex.
In this paper, I show that for a 2-dimensional connected graph, any three
longest paths share a common vertex.
3 The proof:
Theorem: Any three longest paths in a connected graph has a common vertex.
1
proof:
Let G be a connected graph in a 2-dimensional plane. Let the length of the
longest path in G be n. Suppose P1, P2, P3 are paths in G of length n and
Pi = 〈pi1, pi2, ..., pin〉.
Lemma 1: Any two longest paths in G has at least one common vertex.
proof:
Consider two longest paths Pi and Pj . Lets assume they don’t have a common
vertex. Since G is connected, there is a path P ′ connecting pik and pjk′ for
some k, k′ ∈ {1, 2, ..., n} such that P ′ shares no vertex with Pi ∪ Pj other than
pik and pjk′ . Say P
′ = 〈pik, v1, v2, ..., vb, pjk′ 〉.
Without loss of generality we can assume k, k′ ≥ ⌈n
2
⌉ (we can always reverse the
numbering). Then we can construct a new path P ∗ = 〈pi1, pi2, ..., pik, v1, v2, ..., vb, pjk′ , ..., pj1〉
Clearly P ∗ has a length of at least n + 1 which contradicts the assumption
that G has no path of length greater that n.
Hence, any two longest path in a connected graph must have at least one vertex
in common.
Lemma 2: If the length of the longest path in a connected graph is even,
then either the longest path is unique or any two longest paths have more than
one vertex in common.
proof:
Assume the contrary, that there are two longest paths Pi and Pj of length
2m and have only one vertex in common. Say pik = pjk′ for some k, k
′ ∈
{1, 2, ..., 2m}. Without loss of generality, we can assume that k, k′ ≥ m.
case 1: If k or k′ is greater than m.
Suppose k > m. The path form pi1 to pik(or pjk′ ) along Pi has at least m+ 1
vertices and path from pik(or pjk′ ) to pj1 along Pj has at least m vertices. So,
this path 〈pi1, pi2, ..., pik(or pjk′), pjk′−1, ..., pj1〉 has a length of a least 2m+ 1,
which is a contradiction.
case 2: If k = k′ = m.
Consider the path from pin to pik(or pik′) along Pi and then to pjn along
Pj . Clearly, this path 〈pin, pin−1, ..., pik(or pjk′ ), pjk′+1, ..., pjn〉 has a length
of 2m+ 1. Which is a contradiction.
Hence, in a connected graph with even longest path length, either the longest
path is unique or any two longest paths have more than one common vertex.
2
Lemma 3: Suppose Pi and Pj are two longest paths in a connected graph
G. If pik = pjk′ (i,e., if Pi and Pj share a vertex) for some k, k
′ ∈ {1, 2, ..., n},
then k = k′.
proof:
Suppose pik = pjk′ but k 6= k
′. Without loss of generality, assume that k < k′.
Now, consider the path from pj1 to pjk′ (or pik) along Pj and then to pin along
Pi (we can always walk such a path by reversing the numbering if necessary
and get the case when k > k′, which is essentially the same case). Clearly,
|| 〈pik, ..., pin〉 ||>|| 〈pjk′ , ..., pjn〉 ||, hence
|| 〈pj1, ..., pjk′ (or pik), ..., pin〉 ||
= || 〈pj1, ..., pjk′−1〉 || + || 〈pjk, ..., pjn〉 ||>|| 〈pj1, ..., pjk′−1〉 || + || 〈pjk′ , ..., pjn〉 ||= n
Which is a contradiction. Hence if pik = pjk′ for some k, k
′ ∈ {1, 2, ..., n} then
k = k′.
Lemma 4: Suppose P1, P2, P3 are three longest paths in a graph G. Let
{p2t1 , p2t2 , ..., p2ta} be the common vertices of P1 and P2 and let {p2r1, p2r2 , ..., p2rb}
be the common vertices of P2 and P3 where ti, rj ∈ {1, 2, ..., n} and t1 < t2 <
... < ta and r1 < r2 < ... < rb. Then there are no p, q ∈ {1, 2, ..., a} and
s ∈ {1, 2, ..., b} such that tp < rs < tq.
proof:
Note: From Lemma 3, we know that p2t1 = p1t1 , p2t2 = p1t2 , ..., p2ta = p1ta and
p2r1 = p3r1 , p3r2 = p3r2 , ..., p2rb = p3rb . Assume there are such p, q ∈ {1, 2, ..., a}
and s ∈ {1, 2, ..., b} such that tp < rs < tq. Without loss of generality,
we can assume there are no intersections of P2 with P1 and P3 between the
points p2tp and p2tq other than p2ru and assume p2tp is not common to all
the three paths. Now consider the path from p31 to p2rs along P3. It is
clear from lemma 3 that || 〈p31, p32, ..., p2rs〉 ||= rs. Now walk up from
p2rs to p2tp along P2, || 〈p2rs−1, ..., p2tp〉 ||= rs − tp. Then from p2tp to p2tq
along P1, || 〈p1tp−1, ..., p2tq 〉 ||= tq − tp. Then from p2tq to p1n along P1,
|| 〈p2tq+1, ..., p1n〉 ||= n − tq (we can walk this path bacause tq is the largest
index we have walked this far, hence vertices p1tq+1, ..., p1n has not been walked
on before). So, the total path length is rs + (rs − tp) + (tq − tp) + (n − tq) =
n + 2(rs − tp) > n, which contradicts the assumption that the largest path
length is n. Hence there are no p, q ∈ {1, 2, ..., a} and s ∈ {1, 2, ..., b} such that
tp < rs < tq.
This implies either three paths intersect at the same vertices, or t1 < t2 <
... < ta < r1 < r2 < ... < rb
We work with the later scenario.
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Suppose P1, P2, P3 are three longest paths in a graphG. We assume that the
do not have a common vertex. Let {p2t1 , p2t2 , ..., p2ta} be the common vertices
of P1 and P2 and let {p2r1 , p2r2 , ..., p2rb} be the common vertices of P2 and P3
where ti, rj ∈ {1, 2, ..., n} and ta < rb.
Call || 〈p11, p12..., p2ta〉 ||=|| 〈p21, p22, ..., p2ta〉 ||= x and || 〈p2r1+1, p2r1+2..., p2n〉 ||=||
〈p3r1+1, p3r1+2, ..., p3n〉 ||= y. Then || 〈p2ta+1, p2ta+2..., p2r1〉 ||= n− x− y.
Now consider the path 〈p1n, p1n−1..., p2ta〉, then from here, take the path 〈p2ta+1, p2ta+2..., p2r1〉
and then 〈p3r1+1, p3r1+2..., p3n〉. The path length is (n−x)+(n−x−y)+(n−y) =
3n− 2(x+ y)
But 3n−2(x+y) ≤ n ⇒ n ≤ x+y, which is a contradiction because x+y <|| p2 ||.
Hence, they must share a common vertex.
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